Realizing an on-chip reconfigurable source of path-entangled photons is of critical importance for the advancement of quantum information processing and networking. Achieving this goal has proven challenging to date. We present an on-chip scheme for the deterministic creation of copropagating or counter-propagating path-entangled photon pairs that can be routed in multiple configurations by tuning a classical parameter. The simplest manifestation of this approach makes use of two coupled waveguides: a nonlinear waveguide that produces photon pairs via spontaneous parametric downconversion from an externally incident unguided optical pump, and an auxiliary linear waveguide. Although the photon pairs are born in only one waveguide, which alone cannot create path-entanglement, linear coupling over an extended length to the passive waveguide introduces unexpected indistinguishability that induces path-entanglement. Tuning of the classical pump spatial profile allows routing the photon pairs over all possible configurations. The proposed device is a building block for future quantum-optical networks.
Continued progress in the applications of quantum information science [1] [2] [3] requires the reliable processing of entangled photons in systems of increasing complexity. By exploiting miniaturized versions of their free-space counterparts (e.g., linear couplers replacing beam splitters [4] [5] [6] [7] ), photonic integrated circuits outperform their free-space counterparts with regards to stability, scalability, and compactness [8] in implementations of twophoton interference, quantum logic operations, and quantum teleportation [7, [9] [10] [11] [12] [13] [14] . Here, we explore a configuration for entanglement generation that is challenging to achieve in a free-space arrangement, but occurs naturally in an on-chip system enabled by extended evanescent coupling between parallel waveguides (WGs).
Quantum photonic chips are usually passive unitary transformations that can be viewed as a quantum walk [4] [5] [6] [15] [16] [17] [18] [19] . A salutary feature of this approach is the potential for combining processing of quantum states and their active generation via spontaneous parametric downconversion (SPDC) in a single second-order WG [20] [21] [22] or four-wave mixing in a third-order nonlinear waveguide (WG) [7, 23] . Here, we demonstrate that extended linear coupling between a nonlinear WG (producing SPDC photons) and an auxiliary linear WG (not producing SPDC photons) provides a new mechanism for generating controllable two-photon path-entanglement. Traditionally, path-entanglement requires indistinguishability between the pathways for photon-pair generation from multiple sources. In the configuration explored here, only one WG produces photons and is thus clearly distinguishable from the passive (linear) WG -pathentanglement is nevertheless created. We refer to the physical principle underlying this scheme as 'couplinginduced path-entanglement' (COPE), which results from a subtle interplay between phase-matching in the nonlinear WG and linear coupling along its length to an auxiliary linear WG.
Arrays of coupled linear [24, 25] and nonlinear [24] [25] [26] [27] [28] WGs have long been used in classical optics as a platform for studying complex dynamics. Recently, the propagation of a classical pump injected into an array of nonlinear WGs along with SPDC-generated photon pairs has been examined [29] . The linear walk of the pump and SPDC-photons in N WGs modulates the pairwise correlations on an N ×N combinatorial grid. Here, we show that tuning the parameters of a classical optical pump over one nonlinear WG coupled to a linear WG facilitates reconfiguring photon-pair creation in an arbitrary configuration: entangled or separable, co-propagating or counter-propagating, correlated or anti-correlated ports -thereby yielding a quantum router. From a practical perspective, the coupled WGs will be of the same material in monolithic realizations, and pumping only one WG renders the other effectively linear. We provide a design for a periodically poled lithium-niobate (PPLN) device that can be used to explore on-chip routing of path-entangled photons.
General Principle of COPE. -The first observation of path-entanglement made use of the arrangement in Fig. 1(a) , in which a monochromatic plane-wave pump incident on a nonlinear crystal produces pairs of photons via type-I SPDC [30, 31] . Transverse momentum conservation produces exit angles for spectrally degenerate noncollinear photon pairs that are anti-correlated around a cone [32] . Selecting the four angles shown in Fig. 1(a) selects a path-entangled state [31] . A variation on this theme for creating path-entanglement exploits a doublepass of a pump through the nonlinear crystal followed by a selection of two paths on opposing sides [33, 34] ; Fig. 1(b) . In both cases, the multiple modes that define the indistinguishable entangled paths are a consequence of the three-dimensional nature of the nonlinear crystal. If instead the photons are emitted into well-defined spatial modes, as in a single-mode nonlinear WG, then path-entanglement cannot be subsequently introduced via local unitary operations, such as beam splitters. Merging these two aspects -nonlinearity for photon generation and unitary transformations to introduce multiple paths -into the same structure can pave the way to generating reconfigurable path-entanglement. Our approach exploits two coupled WGs (WG 0 and WG 1 ), one of which (say, WG 0 ) is nonlinear; see Fig. 1 (c-f). Consider counter-propagating photons produced at position z along WG 0 -potentially by illuminating that position with an external pump laser; Fig. 1(c) . At the birth position, the two-photon state is separable and remains so at the exit of the WG system since each photon undergoes a local unitary transformation. Now consider a scenario where the photon pairs are born at two symmetric positions with respect to the center of WG 0 with equal probability amplitudes and CL = mπ, where C is the coupling coefficient, L is WG length, and m is an integer; Fig. 1(d) . Quantum interference between the events of two-photon births eliminates the probability amplitudes of the photons emerging from different WGs, thus ensuring they always emerge either from WG 0 or WG 1 ; i.e., in the path-entangled Bell-state |φ + . Alternatively, changing the coupling condition such that CL = (2m + 1) π 2 , eliminates the probability amplitudes of the photons emerging from the same WGs, thus ensuring they always emerge from opposing WGs; i.e., in the path-entangled Bell-state |ψ + . In both scenarios, it is the linear coupling between the WGs extending over the same region of potential photon-birth in only one nonlinear WG that creates path-entanglement. Similar arguments apply to a configuration in which the photon pair co-propagate in the same direction; Fig. 1 (e-f). We extend this heuristic description below to the more realistic configuration of photon pairs generated over an extended section of WG 0 . We refer to this phenomenon as 'COupling-induced Path Entanglement' (COPE).
The principle described here is antithesis to the accepted wisdom whereupon the superposition of indistinguishable events is required to create entanglement. In general, indistinguishability is critical to a host of quantum optical effects such as two-photon interference [35] and also plays a crucial role in Mandel's well-known experiment [36, 37] whereupon the indistinguishability of the idler photons produced from two different sources induces coherence between the associated signal photons. In contradistinction, the photons in the COPE scheme are created in WG 0 alone, and never in WG 1 . Nevertheless, this fundamental distinguishability of the photon source is wiped out by the spatially extended coupling.
Photon pairs generated in a nonlinear WG. -We make use of the model for WG SPDC in Ref. [38] , but we emphasize that any alternative model can serve as a building block. The quantum state associated with SPDC photon pairs produced in one WG is
where dω s dω i |Φ(ω s , ω i )| 2 = 1, and Φ(ω s , ω i ) is determined by phase-matching and describes the correlations between the signal and idler frequencies ω s and ω i , respectively. Each photon is emitted into the same WG spatial mode u(r, ω), where r is the transverse spatial vector [38] . We assume a monochromatic pump at a frequency ω p , such that ω s +ω i = ω p , obliquely incident on the WG [ Fig. 2(a) ] whose profile E p (r, z) ≈ E p (z) varies along the WG (z coordinate) but not appreciably in the WG cross section. It can be shown that
where ∆β =β p −β s −β i −K is the axial-wave-number mismatch, K = 2π /Λ, Λ is the poling period in an appropriately designed PPLN crystal, is the Fourier-order of the spatially poled WG, and β s , β i , and β p are the axial wave numbers for the signal, idler, and pump, respectively. The sign convention we adopt is that axial wave numbers have the same (opposite) sign for copropagating (counter-propagating) photons. By tuning the pump incidence angle θ, and hence the pump axial wave vector β p = k p cos θ, the phase-matching condition (∆β =0) can be satisfied for either counter -propagating or co-propagating photons [38, 39] . For subsequent use, we divide the WG length L into N segments of length ∆L = L/N with piecewise constant pump amplitude E n in the n th section. Here Φ becomes a superposition of probability amplitudes associated with these segments,
where ϕ = ∆β ∆L/2. Path-entangled counter-propagating photons from a pair of coupled WGs -Consider a system comprising two parallel linearly coupled WGs (WG 0 is nonlinear and WG 1 is linear) with coupling constants C s and C i at the signal and idler wavelengths, respectively; see Fig. 2(b) . We assume that C varies linearly with wavelength [25, 40] . A localized pump at z on WG 0 at a suitable incidence angle leads to the birth of two counter -propagating photons from z. The signal photon propagating to the right travels through a linear coupler of length z, while the idler propagates to the left through a linear coupler of length L − z. The signal and idler evolve according toâ † s |0 → α s |s 0 +β s |s 1 and a † i |0 → α i |i 0 + β i |i 1 , respectively, resulting in a pathseparable two-photon state
where the state coefficients are α s = cos C s (L−z), β s = −ı sin C s (L−z), α i = cos C i z, and β i = −ı sin C i z. The signal and idler photons have finite probabilities of being detected in WG 0 and WG 1 , but the state is of course separable; a unitary transformation can undo the effect of linear coupling, converting it back to |s 0 ⊗|i 0 . Increasing the spatial extent of the pump illumination E p (z) to the entire WG 0 produces the path-entangled two-photon state
(z) .
(5) We extract from Eq. 5 the two-photon probability amplitudes M mm for the arrival of a signal photon on the right in WG m and an idler photon on the left in WG m , m, m = 0, 1, which are normalized such that |M 00 | 2 +|M 01 | 2 +|M 10 | 2 +|M 11 | 2 = 1. These probability amplitudes determine the degree of path-entanglement
. As in the case of the single nonlinear WG, we segment the length L of WG 0 into N sections of length ∆L = L/N each with piecewise constant pump amplitudes. The four probability amplitudes M mm for the counter-propagating photons can be cast in the general form:
The function f (ϕ) is defined in Eq. 3 and the phases are given by
Reducing any of the phases (ϕ −+ , ϕ ++ , ϕ −− , or ϕ +− ) to 0 is achieved by selecting the appropriate pump incidence angle θ, for which we use the same notation: θ −+ is the angle that sets ϕ −+ = 0, etc. Selecting an incidence angle θ amounts to providing the pump wave front with a linear phase, E p (z) = E o e ikpz cos θ , where E o is a constant if we take all the E n 's to be equal. This linear phase is readily provided by a spatial light modulator. Multiple incidence angles may be excited simultaneously by judiciously modulating the pump wave fronts; for example, preparing the wave front E p (z) = E o {a 1 e ikpz cos θ++ + a 2 e ikpz cos θ+− } satisfies the phase-matching conditions ϕ ++ = ϕ +− = 0, simultaneously; a 1 and a 2 are the relative excitation weights.
The equations derived above predict the possibility of generating both frequency-and path-entanglement between the two photons. For simplicity, we consider hereafter spectrally degenerate photons (ω s = ω i , hence C s = C i = C) to focus on path-entanglement. Spectral degeneracy reduces the phases to ϕ −+ = ϕ +− = ∆β ∆L/2, ϕ ++ = (∆β +2C)∆L/2, and ϕ −− = (∆β −2C)∆L/2. In this special case, θ −+ = θ +− = θ 0 . Control over pathentanglement in this configuration can be exercised by sculpting the pump profile along WG 0 or tuning the coupling coefficient C in a planar WG platform by electrooptic, thermal, or other means [42] [43] [44] . Consequently, path-entanglement is readily created and reconfigured, such that the photon pair is routed to the desired WGs in any linear combination of Bell states.
By selecting the pump incidence angle θ 0 , such that E p (z) = E o e ikpz cos θ0 and ϕ −+ = ϕ +− = 0, the counterpropagating two-photon state is
Alternatively, by preparing two pump beams incident at θ ++ and θ −− , E p (z) = E o {e ikpz cos θ++ +e ikpz cos θ−− }, which helps satisfy ϕ ++ = ϕ −− = 0, produces the state
Here,
(|01 ± |10 ), where |01 denotes the signal photon emerging from WG 0 and the idler from WG 1 , and so on. The states |φ ± correspond to the two photons always emerging from the same WGs; whereas the states |ψ ± correspond to the two photons always emerging from different WGs. Therefore, with a proper choice of coupling coefficient C and pump profile E p (z), path-entanglement can be switched continuously from one Bell state to another.
The photons can be routed to the same WG by setting CL = mπ and the pump incidence angle to θ 0 , thus producing the path-entangled Bell state |φ + in which the photons emerge always from the same WG. Alternatively, the Bell state |φ − can be produced by utilizing a pump incident at the angles θ ++ and θ −− . Producing a separable state in which the two photons are both routed to WG 0 , |Ψ = |00 , a pump incident at the three angles θ 0 , θ ++ , and θ −− is required soo that E p (z) ∝ e ikpz cos θ0 +e ikpz cos θ++ +e ikpz cos θ−− . To produce the remaining separable state |Ψ = |11 , a pump profile E p (z) ∝ e ikpz cos θ0 −e ikpz cos θ++ −e ikpz cos θ−− is needed. Alternatively, routing the photons to different WGs requires CL = (m + 1 2 )π and selecting the pump incidence angle θ 0 to produce the Bell state |ψ + , in which the path-entangled photons always emerge from opposing WGs. Furthermore, exploiting the configuration in which the pump is incident at the angles θ ++ and θ −− , the Bell state |ψ − is produced in which the photons also emerge from the same WG. To produce separable states in which the two photons are routed to different WGs, namely |01 and |10 , requires combining both these configurations; that is, assigning pumps at the three angles θ 0 , θ ++ , and θ −− , similarly to the previous subsection. The conditions for routing counter-propagating photons in different WGs are summarized in Table I .
We have explored the simplest case of linear coupling between two WGs. Extending our work to systems of three or more coupled WGs opens up the possibility of routing path-entangled photons across a large network through judicious modulation of the classical pump profile. The feasibility of implementing our proposed system in an integrated photonic-chip is demonstrated by a detailed design of a PPLN-based system consisting of two evanescently-coupled waveguides, one of which is pumped to generated photon pairs and the other acts as a passive waveguide. The design suggests the potential for implementing this concept with current technology [45] . Furthermore, other platform choices besides PPLN can be utilized, such as InP [46] , GaN [47] and InGaAsP [48] , which offer higher coupling coefficients and may be suitable candidates for compact quantum-routing devices. An intriguing possibility is a lithium-niobate-on-silicon platform [49] to monolithically generate photon pairs in lithium-niobate WGs and fabricate photodetectors on silicon. Finally, this scheme can be realized in other coupled components, including microresonators [50] [51] [52] and )π θ+−, θ++ optical fibers [53] [54] [55] .
In conclusion, we have proposed a technique for the deterministic creation and reconfiguration of pathentangled photon pairs in two linearly coupled WGs, one of which is nonlinear. Path-entanglement is enabled by the evanescent coupling between the modes of neighboring WGs. This is quite remarkable, as it allows the pathentanglement with one of the coupled WGs being passive and not contributing to the SPDC process. That is, the WG in which the photon pair is born is completely distinguishable -yet the paths encompassing both WGs become indistinguishable. The underlying physics of this novel entanglement-creating arrangement is that the coupling of two propagating photons during generation on the same platform introduces path-indistinguishability, and hence creates entanglement. The pump spatial profile controlled dynamically using spatial light modulators can route path-entangled or path-separable photons. Such states generated on a chip can be useful in applications ranging from imaging and microscopy, to routing quantum information in a network.
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